Boson sampling is a simple model for non-universal linear optics quantum computing using far fewer physical resources than universal schemes. An input state comprising vacuum and single photon states is fed through a Haar-random linear optics network and sampled at the output using coincidence photodetection. This problem is strongly believed to be classically hard to simulate. We show that an analogous procedure implements the same problem, using photon-added or -subtracted squeezed vacuum states (with arbitrary squeezing), where sampling at the output is performed via parity measurements. The equivalence is exact and independent of the squeezing parameter, and hence provides an entire class of new quantum states of light in the same complexity class as boson sampling.
Scalable quantum computing [1] is likely to usher in a new age for computing. Certain problems, such as integer factorization [2] , search algorithms [3] and quantum simulation [4] have been shown to be more efficient on quantum computers than on classical computers. Whilst there are a number of differing models for realizing scalable quantum computing, linear optics quantum computing (LOQC) [5, 6] appears to be one of the most promising. Unfortunately, the hurdles for implementing full universal LOQC remain very challenging and appear to be impractical with current technologies. Hence, there is much interest in simpler, more feasible approaches that could be demonstrated with existing technology.
In this spirit, Aaronson & Arkhipov (AA) introduced the boson sampling model [7, 8] . Whilst not universal for quantum computing, boson sampling uses only passive linear optical elements to efficiently implement a particular sampling problem, which is strongly believed to be hard on a classical computer. This makes boson sampling vastly simpler than full-fledged LOQC because it does away with some of the more challenging experimental requirements, namely fast-feedforward, optical quantum memory, and the need for a plethora of optical elements.
Whilst no interesting applications for boson sampling have been described, the mere fact that it implements a computationally hard problem, and using technologies that are for the larger part available today, makes it of great practical interest. Its relative simplicity and frugal physical resource requirements may render it the route towards building the first post-classical quantum computer. Recently, there have been numerous elementary experimental demonstrations of boson sampling using three photons [9] [10] [11] [12] .
The surprising discovery of the complexity of sampling Fock states via linear optics opened inquiry into the complexity of other linear optical systems. The obvious open question is 'are there other quantum states of light, other than Fock states, which also yield computationally hard sampling problems?' To this end, several other quantum states of light have been shown to implement likely-hard sampling problems similar to AA's original boson sampling. In particular, both photon-added coherent states (â † |α ) and general cat states (arbitrary superpositions of coherent states, i λ i |α i ) have been considered [13, 14] , and both have been shown to implement computationally hard sampling problems in the low amplitude limit. In both these cases, the computational complexity was shown by treating the input state as a perturbation on ideal boson sampling, which yields a bound on the coherent state amplitudes for the problem to be provably hard. On the other hand, certain states of light, such as coherent states and Gaussian states, have been shown to be efficiently classically simulatable [15, 16] .
Here we will demonstrate that, in general, boson sampling using photon-added or -subtracted squeezed vacuum (PASSV) states yields a computational problem of equal complexity to Fock state boson sampling in all parameter regimes. Importantly, because the mapping is exact, AA's robustness result for approximate boson sampling holds.
The boson sampling model introduced by AA relies on an input comprising vacuum, |0 , and single-photon Fock states, |1 , into an m-mode passive linear optics interferometer. Sampling at the output is performed via coincidence photodetection. We show that the same logical problem is implemented using squeezed vacuum (SV) states,Ŝ(ξ)|0 = |ξ , in place of vacuum states and singlephoton-added or -subtracted squeezed vacuum (PASSV) states, (â †Ŝ (ξ)|0 orâŜ(ξ)|0 respectively), in place of single-photon Fock states. Note that all modes must be either photon-added or photon-subtracted, not a combi- 
is the squeezing operator andâ † andâ are the photon creation and annihilation operators respectively. In the Fock basis, if ξ = re iθ , thenŜ(ξ)|0 = |ξ has the representation [17] ,
which contains only even photon-number terms. Thus a PASSV state contains only odd photon-number terms. In the limit of vanishing squeezing, the SV state approaches the vacuum state, lim ξ→0 |ξ = |0 , and the photon-added SV state approaches the single-photon state, lim ξ→0â † |ξ = |1 . Thus, we see that in the limit of vanishing squeezing, photon-added SV boson sampling reduces to ideal Fock state boson sampling.
Photon-added SV states may be prepared by mixing a SV state (obtained from a degenerate parametric downconverter) with a single-photon state on a low reflectivity beamsplitter and post-selecting upon detecting the vacuum state in the reflected mode. Successful post-selection heralds the preparation of the photon-added SV state in the other mode. Thus, the preparation scheme is nondeterministic, but may be performed offline via trial-anderror in advance, enabling efficient state preparation. The preparation scheme is shown in Fig. 1 .
FIG. 1:
Preparation of a photon-added SV state. A SV state is mixed with a single-photon state on a low reflectivity beamsplitter. The reflected mode is detected, and upon measuring the vacuum state we herald the preparation of the photonadded SV state in the other mode. The process is highly nondeterministic, but can be performed offline in advance.
We will outline the original AA boson sampling scheme in parallel to our own model for clarity in demonstrating the mapping of the two problems. AA boson sampling begins by preparing the first n modes of a passive linear optics interferometer with single photons and the remaining m − n modes with vacuum states, where m = O(n 2 ). This requirement ensures that the probability of more than one photon arriving at a given output mode is small (sometimes referred to as the 'bosonic birthday paradox'). The input state is thus,
where subscripts denote mode number. In contrast, for PASSV boson sampling we prepare the first n modes of the same interferometer with PASSV states and the remaining m − n modes with SV states. We let the squeezing parameter ξ be arbitrary, but ensure each mode has the same amount of squeezing. In the case of photon-added states, the input state is thus,
where we have abbreviatedŜ i (ξ)|0 i = |ξ i . In AA boson sampling, the input state is fed into a passive linear optics interferometer consisting of beamsplitters and phaseshifters, which in general transforms the creation operators according to a unitary map,
whereÛ is a Haar-random m × m unitary matrix. Unlike AA, for PASSV boson sampling we consider such an interferometer consisting of real beamsplitters which implements an orthogonal matrix. Thus, for Fock state boson samplingÛ AA ∈ SU (m), whereas for PASSV boson samplingÛ SV ∈ SO(m). Reck et al. showed that for both cases, any m × m unitary or orthogonal matrix can be implemented with at most O(m 2 ) optical elements, and an efficient algorithm for finding the decomposition exists [18] .
It is important to discuss the complexity of choosing an orthogonal matrix instead of a unitary because one should be concerned with the possibility of choosing a subset of matrices from SU (m) whose permanent is efficiently simulatable by a classical computer. If this were the case, the result would not be interesting since the novelty of boson sampling is that it simulates a system which is classically intractable.
The first consideration is whether or not a Haarrandom matrix in SO(m) might have an efficiently computable exact or approximate permanent. The exact permanent case is known to be #P-complete even for binary entries, U i,j ∈ {0, 1} [19] . There is also a known algorithm for efficiently approximating a permanent if the matrix has entries consisting of only non-negative real numbers. In the same work, it is shown that for a matrix with even a single negative entry, an efficient approximation algorithm would allow one to compute an exact {0, 1}-permanent efficiently [20] . Although having to compute a difficult permanent is a necessary but not sufficient condition for computational hardness, since SO(m) is considered to be universal for linear optics [21] , it is highly unlikely that there is such a complexity gap between unitary and orthogonal matrices.
The output state for AA boson sampling after passing through the interferometer is thus,
where the last equality holds becauseÛ represents passive optics elements and hence preserves the zero photon number. Since the unitary transforms the creation operators according to Eq. 5, the output of the interferometer can also be represented as,
where S is an output configuration of the n photons with S i photons in the ith mode, and γ S is the corresponding amplitude. Note that γ S ∝ Per(U S ), where U S is an n × n sub-matrix ofÛ given as a function of the configuration S. The number of distinct configurations is
which can be easily verified to be the number of ways to configure n indistinguishable photons into m distinct modes. This expression grows exponentially with n.
For PASSV boson sampling, we can use the same technique as in Eq. 6, such that the output state is,
It was shown by Jiang et. al [22] that for a pure product state input to a linear optical network, the output is entangled unless the input is either a tensor product of coherent state or a tensor product of squeezed states (with the same squeezing), provided that the network does not mix the squeezed and anti-squeezed quadratures. The latter condition is equivalent to the network comprising real beamsplitters. This condition is satisfied sinceÛ SV ∈ SO(m). Thus, the second term in |ψ SV out consists of a product of SV states. The first term corresponds to a configuration of n creation operators as in the first term of Eq. 6. The output for a photon-added SV state input is therefore of the form, where,
but in the binary regime γ S = γ S . Recall from Eq. 2 that squeezed states represented in the Fock basis have only even photon-number terms. Thus, for a configuration S where mode i does not have a creation/annihilation operator acting on it, mode i is a superposition of only even photon number states, whereas if S applies a creation/annihilation operator to mode i it contains only odd photon-number terms. For photon-subtracted SV states the output is of the same form, replacingâ † i withâ i , but γ S will now relate toÛ † instead ofÛ , which is also Haar-random, and thus has the same computational complexity.
The last step of boson sampling is to measure the output distribution. For Fock state boson sampling, this may be implemented via number-resolved photodetection. However, since m = O(n 2 ), S i = {0, 1} ∀ i in Eq. 7, on/off (or 'bucket') detectors are sufficient to recover the configuration S. Repeating the sampling procedure multiple times yields partial information of the joint photonnumber distribution P S = |γ S | 2 , which was shown by AA to be a computationally complex sampling problem. For PASSV boson sampling, we perform a parity measurement capable of distinguishing only between odd and even photon-number. Most simply, one could implement this measurement using photon-number resolving detectors. Measuring an even photon-number at output mode i then implies that there was no creation/annihilation operator associated with that mode, whereas measuring an odd photon-number implies that there was. This measurement thus perfectly recovers the configuration S, and hence continued sampling yields the desired distribution.
Our result can be distilled to a relatively simple idea which is most evident in light of Eq. 6, where the second term acts as a 'background' signal whose form is invariant under the evolution ofÛ . Since the first term in Eq. 9 takes exactly the same form as Eq. 6, we would like the second term to also be independent of the choice ofÛ under some measurement, while still being distinguishable from a state which has an added/subtracted photon. It may be possible to use the same technique to characterize other states which implement a logically equivalent classically intractable sampling problem. A desirable goal would be to prove an even more experimentally friendly set of states and measurements that implements the same problem.
One criticism of PASSV boson sampling is that the use of photon-number resolving detectors to implement the parity measurement is experimentally harder than on/off detection. Whilst this is true, one does not need to distinguish between arbitrarily large even and odd photonnumber Fock states. For any given ξ and error rate, one can truncate the maximum number of necessarily distinguishable Fock states. Indeed, PASSV boson sampling can be regarded as a generalization of Fock state boson sampling, since in the limit of small squeezing (ξ → 0), the SV reduces to a vacuum state and an on/off detector suffices.
We have shown a direct mapping between Fock state boson sampling and PASSV boson sampling. An open question in the field is 'what classes of quantum states of light yield hard sampling problems with linear optics?' This result, in conjunction with previous results on photon-added coherent states and cat states, demonstrates that there is a large class of non-Fock states, which yield sampling problems of equal computational complexity.
Importantly, unlike previous work on non-Fock state boson sampling, PASSV boson sampling operates in all parameter regimes. Thus there are no bounds on the amount of squeezing and no approximations are made.
Whilst PASSV boson sampling may be experimentally more challenging that Fock state boson sampling, this result certainly confirms that there is nothing unique about the computational complexity of Fock states. In fact, there is a plethora of other quantum states exhibiting similar complexity, and computational complexity appears to be a ubiquitous property of quantum states of light.
We hope that future research will enable us to fully characterize what it is that makes a quantum optical system computationally hard, and what classes of states are required for computational complexity.
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